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Abstract 
The problem considered is the steady flow of an electrically conducting, incompressible fluid, 
in the annular space between two infinitely long circular cylinders, under a radially impressed 
magnetic field with convective boundary conditions of mixed kind. The general 
Magnetohydrodynamics equations are simplified by the conditions of the problem to two 
equations in velocity and temperature. The Rosseland approximation is applied to describe the 
radiative heat flux in the energy equation where the magnetic field is incorporated in the 
momentum equation. Due to nonlinearity of the model in the presence of radiative parameter, 
the solution of the differential equation that described the flow was solved using Perturbation 
method. The velocity, the temperature, Skin friction and Nusselt number are obtained and their 
behaviors are discussed with help of line graph. The results obtained show that the flow is 
significantly been influence by the fluid flow parameters. 
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1.0   Introduction  
Convective heat transfer in horizontal annuli has attracted many attentions in engineering 
sciences due to its wide applications such as in solar collector–receiver, vapor condenser for 
water distillation and food process, construction of electrical motors and generators, cooling of 
electronic components, nuclear reactors, thermal storage systems, heating and cooling of 
underground electric cables, completion of oil source and aircraft fuselage insulation. Ho et al 
(1988) conducted a research on natural convection in concentric and eccentric horizontal 
cylindrical annuli with mixed boundary conditions. Kumar 1988 studied natural convection of 
gas in a horizontal annulus, where the inner cylinder is heated by the application of a constant 
heat flux and the outer cylinder is isothermally cooled. Tsui and Tremblay (2000) conducted a 
research on transient natural convection heat transfer problem between two horizontal isothermal 
cylinders formed within the Boussinesqs approximation and solved numerically through the 
vorticity-stream function approach. Numerical prediction of natural convection heat transfer in 
horizontal annulus where the inner cylinder is hotter than outer was conducted by Date (1986) 
Yoo (1990) conducted research on natural convection in a narrow horizontal cylindrical annulus 
for fluid of Pr ≤ 0.3 been investigated. Mizushima et al (2001) investigated transition of natural 
convection in an annulus between horizontal concentric cylinders theoretically by assuming two-
dimensional and incompressible flow fields. Shah et al (2011) investigated the effect of Nano 
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fluid on the natural convection heat transfer and fluid flow through an annular tube with an inner 
heat generating solid circular rod. Yoo 1999 in his paper, discussed the existence of dual solution 
and role of Prandtl number on bifurcation. Adachi and Imai (2007) performed three-dimensional 
linear stability analysis of air in horizontal concentric annuli between concentric cylinders by 
using a spectral method. Chen and Hsu (2007) conducted a research on finite difference method 
in conjunction with least-squares scheme and experimental temperature data is used to predict 
the average heat transfer coefficient and fin efficiency on the fin of annular-fined tube. Heat 
transfer characteristics of Taylor-Couette- Poiseuille flow in an annular channel by mounting 
longitudinal ribs on the rotating inner cylinder was discussed by Jeng et al (2007). Cienfrini et 
al (2011) compiled a comprehensive theoretical study on natural convection heat transfer in 
Nano fluid contained inside the horizontal annular space existing between two long concentric 
cylinder whose surface are maintained at different uniform temperatures, with primary scope to 
determine the main heat transfer features for various operating conditions, Nano particle 
diameters, and solid-liquid combination. Alawadi (2008) investigated natural convection flow 
in a horizontal annulus enclosure with a transversely oscillating inner cylinder. Yeh (2002) 
examined a numerical solution on horizontal concentric annulus with open ends and conditions 
of either adiabatic or isothermal outer cylinder surface. Yoo (2003) investigated that, dual steady 
state solutions exist above a critical Rayleigh number for free convective flows in a horizontal 
annulus with constant heat-flux wall. Soleiman et al (2012) conducted a numerical investigation 
of natural convection heat transfer in a semi-annulus enclosure filled with Nano fluid using the 
control volume based finite element method. Tahir and Mital (2012) developed and tested a 
discrete phase model for forced convection of Nano fluid in a circular tube subjected to a uniform 
heat flux. Sheikholeslami et al (2012) and Sheikholeslami et al (2013) examined the role of 
magnetic field on natural convection flow of Nano-fluid using Lattice Boltzmann method. 
Ashorynejaeed et al (2013) conducted an investigation on effect of static radial magnetic field 
on natural convection heat transfer in a horizontal cylindrical annulus enclosure filled with Nano 
fluid using Boltzmann. 
 Habibi and Pop (2013) studied numerically natural convection flow and heat transfer of 
Copper water Nano fluid inside eccentric horizontal annulus while the inner and outer cylinder 
are kept at constant temperatures. Steady-state problem of a magnetic fluid filling a porous 
annulus between two cylindrical walls under the influence of a non-uniform radially outward 
magnetic field has been investigated by Shihhao et al (2014). They examined the effect of the 
strength of the externally applied magnetic field, the permeability of the porous annulus, and the 
conductivity of the cylindrical walls through the angular velocity components, as well as the 
induced magnetic field. Jha et al (2017) investigated both analytically and numerically the 
interaction of fully developed natural convection flow with thermal radiation inside vertical 
annulus. 
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2.0  Mathematical formulation 
The physical problem under consideration consists of a transient natural convection flow in an 
infinite vertical annulus formed by two infinite concentric vertical cylinders in presence of 
thermal radiation. The transient flow formation is due to sudden heating of outer surface of inner 
cylinder in presence of thermal radiation. The physical properties of the working fluid are 
assumed to be constant. A schematic diagram of the present problem is shown in Figure 1. At 

time t′ ≤ 0 , both the fluid and cylinder are assumed to be at the same temperature  with 
absence of fluid motion. At time t′ > 0 , the temperature of the outer surface of inner cylinder at 

r =  is suddenly raised to   causing transient free convection current. Since the 
flow is fully developed and the cylinders are of infinite length, the flow depends on radial 
coordinate ( r′ ) and time ( t′ ). Using of Boussinesqs approximation, the governing equations in 
dimensional form are 
 

 

 
Figure 1: Geometry of the problem 

 

 (1) 

 (2) 
 

Where α is the thermal diffusivity, K is the thermal conductivity, β is the coefficient of the 
thermal expansion, σ is the fluid electrical conductivity, g is the gravitational acceleration and 

 is the strength of applied magnetic field. ′The quantity appearing on the right hand side 
of Equation (2) represents the radiative heat flux in the r′- direction. 
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Initial and boundary conditions: 
 

 

  

  
 
The radiation heat flux term in the problem is simplified by using the Rosseland approximation 

    (4) 
To obtain the non-dimensional form of the above equations, the following dimensionless 
Variables are introduced. 

 

,  (5) 
 

Where    (6) 
Using Equations (4) to (6) in Equations (1) and (2), we obtain the following dimensionless 
equations for velocity and temperature respectively. 

 (7) 

 (8) 
New boundary conditions: 

  

, , (9) 

 
 

 
3 Analytical Solution 
Equations (7) and (8) are highly non-linear such that analytical solution can’t be obtained. Hence 

one can obtain its steady state solution using perturbation method by putting  

 

(3) 
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 (10) 

 (11) 
The solution to the dimensionless set of ordinary differential equations in (10) and (11) can  
be obtained by representing velocity and temperature as follows:  

 (12) 

 (13)  
Substituting equation (12) and (13) into equation (10) and (11) respectively and equating like 
 powers of R, one obtains the harmonic and non-harmonic boundary value problem for  

j = 0  and  as:  

 (14)  

 (15) 

 (16) 

 (17) 
Subject to the following boundary conditions 

 ,  

  ,     (18) 

  ,   
 
The values of q0

 and q1
from (16) and (17) using the boundary condition (18) are: 

        (19)  

 (20) 

Since equation (14) and (15) are coupled with  and , using result obtained in equation 

(19) and (20), the solutions of and  are:  

 (21) 

j = 1
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(22)  
The complete solutions of velocity, temperature, Skin friction and Nusselt number equations are: 

Velocity equation: 

 𝑢(𝑟) = 𝐴1
𝑟2

4
−𝐴1

𝑟2 log 𝑟

4
− 𝐴2

𝑟2

4
+ 𝐶1 log𝑟 + 𝐶2 + 𝑅( 𝐻1𝑟2(log 𝑟)4 − 𝐻2𝑟2(log 𝑟 )3 

 −𝐻3𝑟2(log𝑟 )2 + 𝐻4𝑟2 log 𝑟 − 𝐻5𝑟2 + 𝐺1 log 𝑟 +𝐺2)  
  

Temperature equation: 

  
Skin friction  

 

𝜏1 =
𝑑𝑢

𝑑𝑟
|

𝑟=𝜆
=

𝐴1𝜆

4
−

𝐴1𝜆 log 𝜆

2
−

𝐴2𝜆

2
+

𝑐1

𝜆
+ 4𝑅𝐻1𝜆 (log 𝜆)3 + 2𝑅𝐻1𝜆(log 𝜆)4 
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Nusselt number 

 

 
 

4.0  Results  
The paper examined the free-convective steady-state MHD flow restricted through an annulus 
with boundary condition of mixed kind. The system of governing equations of the physical 
situation presented in (10) and (11) is solved using the Perturbation method. The result that 
clearly reports the influence of the flow governing parameters on velocity, temperature, skin 
friction and Nusselt number has been shown graphically in Figures 2 to Figure 23. 

 

Figure 2: velocity profile with different values of Biot number 
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Figure 5: velocity profile for different values of   

Figure 3: velocity profile for different values of Biot number  

 

 

 

Figure 4: velocity profile for different values of R 
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Figure 6: Temperature profile for different values of   

Figure 7: Temperature profile for different values of   
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Figure 9: Temperature profile for different values of   

 

 

 

 

 

 

 

Figure 8: Temperature profile for different values of   
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Figure 10: Skin friction profile at r = 1 for different values of  

 

 

 

 

 

 

Figure 11: Skin friction profile at  for different values of   

 

Figure 12: Skin friction profile at  for different values of   
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Figure 13: Skin friction profile at  for different values of   

 

Figure 14: Skin friction profile at  for different values of   

 

 

 

 

 

 

Figure 15: Skin friction profile at  for different values of   
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Figure 16: Skin friction profile at  for different values of   

Figure 17: Skin friction profile at  for different values of   
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Figure 18: Nusselt number profile at  for different values of   

 

 

 

 

  

 

Figure 19: Nusselt number profile at  for different values of   
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Figure 21: Nusselt number profile at  for different values of   Fig 21: Nusselt number profile at  for different values of   

 

 

Figure 20: Nusselt number profile at  for different values of  

 

 



 

 

Abacus (Mathematics Science Series) Vol. 47, No. 1, December 2020  

 

93 

 

 

 

 

 
 

 

 

 

 

 

 

 
 

Figure 22: Nusselt number profile at  for different values of   

 

 

 

 

 

 

 
 

 

 

 

 

Figure 23: Nusselt number profile at  for different values of   
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Figure 24: Nusselt number profile at  for different values of   
 

5.0  Discussion 
The effects of the flow governing parameters on velocity, temperature, skin friction and Nusselt 
number, have been shown using line graph as shown from figure 2 to figure 24. These results 
show the variations in the velocity, temperature, skin friction, and Nusselt number, are 
influenced by the material parameters of the flow problem, that is, the radiation parameter (R) , 

temperature difference parameter ( ), Biot numbers (  and thermal diffusion 

parameter . The radiation parameter R is in the range of 0 ≤ R ≤1 to avoid finite time 
temperature blow up (Makinde and Chinyoka 2010, Isah et al (2016)). 
 Figures 2-5 show velocity profile with different material parameters while figure 6 to figure 
9 display the effect of the material parameters on the Temperature. Figure 10 to figure 17 
describe the influence of the parameters on Skin friction while figure 18 to figure 24 show the 
effect of parameters on Nusselt number. 

 Figure 2 and figure 3 describe the effect of Biot numbers  and  respectively on 

velocity. It is seen that, increase in  leads to increase in velocity while increase in  leads 
to decrease in velocity. Figure 4 depicts the influence of thermal radiation parameter R on 
velocity. It shows that, increase in R has no significant effect on velocity. Figure 5 describes the 

effect of thermal diffusion parameter  on velocity. It shows that, increase in  leads to 

increase in velocity. Figure 6 describes the effect of Biot number on temperature. It shows 

that increase in  leads to decrease in temperature. Figure 7 describes the influence of  on 

temperature. It shows that an increase in  leads to increase in temperature. Figure 8 describes 

the influence of on temperature. It is seen that, increase in  leads to increase in temperature. 
Figure 9 depicts the effect of R on temperature. It shows that, increase in R leads to increase in 

temperature. Figure 10 describes the effect of  on skin friction at the outer surface of the inner 

cylinder . It shows that, increase in  leads to decrease in skin friction at . Figure 

11 depicts the influence of on skin friction at the inner surface of the outer cylinder . 

It shows that, increase in  leads to decrease in skin friction at . Figures 12 and 13 

describe the influence of R on skin friction. It is seen that at both , there is 
no effect on the skin friction as R changes. Figure 14 to figure 17 describe the effect of Biot 

numbers  and  on skin friction at  . Figures 14 and 15 show that, 

increase in Biot number  leads to decrease in skin friction at both  

respectively. Figures 16 and 17 show that, increase in the Biot number  also leads to decrease 

in skin friction at both  respectively. Figures 18 and 19 describe the influence 

of  on Nusselt number. It shows that increase in  leads to increase in Nusselt number at 

both . Figure 20 describes the influence of  on Nusselt number. It shows 

that increase in  leads to increase in Nusselt number at both . Figures 21 

and 22 describe the influence of  on Nusselt number. It shows that increase in  leads to 
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increase in Nusselt number at . Figures 23 and 24 describe the influence of 

R on Nusselt number. It is seen that, increase in R leads to increase in Nusselt number at 

; whereas increase in R leads to decrease in Nusselt number at .  

 
6.0 Conclusions  
Free-convective steady-state MHD flow restricted through an annulus with boundary condition 
of mixed kind has been discussed. From the above result, the following observations were made 
and concluded that: 

1. Increase in Biot number  leads to increase in velocity but decrease in temperature. 

2. Increase in Biot number  leads to decrease in velocity but increase in temperature. 
3. Increase in thermal radiation parameter R leads to increase in temperature and this will 

consequently leads to increase in the velocity. 

4. Increase in thermal diffusion parameter  leads to increase in velocity and temperature 

5. Increase in thermal diffusion parameter  leads to decrease in skin friction at both outer 
surface of the inner cylinder and inner surface of the outer cylinder i.e. at 

 
6. Increase in Biot numbers  and  lead to decrease in skin friction at both outer surface 

of the inner cylinder and inner surface of the outer cylinder i.e at.  

7. Increase in  leads to increase in Nusselt number at both  

8. Increase in Biot numbers  and  lead to increase in Nusselt number at both 

 

9. Increase in R leads to increase Nusselt number at  but decrease at   
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